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Recently [1, 2] we have proposed in the framework of
nonassociative geometry [2, 3, 4, 5, 6] a new approach to
the description of continuous and discrete spacetime. It
follows from our our approach that at distances compa-
rables with Planck length the standard concept of space-
time might be replaced by the nonassociative discrete
structure, and nonassociativity is the algebraic equiva-
lent of the curvature.
In [1] the general formalism has been applied to
the case of de Sitter space. In this paper we study
the nonassociative continuous and discrete Friedmann-
Robertson-Walker (FRW) models.
Mathematical preliminaries. The foundations of
nonassociative geometry are based on the fact that in
a neighborhood of an arbitrary point on a manifold with
an affine connection one can introduce the geodesic local
loop, which is uniquely defined by means of the parallel
translation of geodesics along geodesics. Here the main
emerging algebraic structures are related to the theory of
quasigroups and loops (for details see: [1, 2, 6, 7, 8, 9]).
Definition 1. Let 〈Q, ·〉 be a groupoid with a binary
operation (a, b) 7→ a·b andQ be a smooth manifold. Then
〈Q, ·〉 is called a quasigroup if each of the equations a·x =
b, y·a = b has a unique solution: x = a\b, y = b/a.
A loop is a quasigroup with a two-sided identity, a·e =
e·a = a, ∀a ∈ Q. A loop 〈Q, ·, e〉 with a smooth functions
φ(a, b) := a·b is called a smooth loop.
Nonassociativity of the operation in a loop 〈Q, ·, e〉 is
described by an associator l(a,b) such that the following
identity holds
a·(b·c) = (a·b)l(a,b)c. (1)
Introducing a left translation La as the following: Lab =
a·b, we obtain
l(a,b) = L
−1
a·b ◦ La ◦ Lb. (2)
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Definition 2. Let 〈M, ·, e〉 be a partial groupoid with
a binary operation (x, y) 7→ x·y and a neutral element
e, x·e = e·x = x; M be a smooth manifold (at least
C1-smooth) and the operation of multiplication (at least
C1-smooth) be defined in some neighborhood Ue, then
〈M, ·, e〉 is called a partial loop on M .
Definition 3. Let 〈M, ·, e〉 be a left loop with a neutral
element e and t : x 7→ tx be a unary operation such that
(t+ u)x = tx·ux, (tu)x = t(ux) (t, u ∈ R, x ∈M). Then
〈M, ·, e, (t)t∈R〉 is called a left odule.
Definition 4. Let M be a smooth manifold with a
smooth partial ternary operation, x ·
a
y = Laxy ∈ M
such that Laxy defines in the some neighbourhood of the
point a the loop with the neutral a, then the family{
〈M, ·
a
〉
}
a∈M
is called a loopuscular structure.
LetM be a Ck-smooth (k ≥ 3) affinely connected man-
ifold and the following operations are given on M :
Laxy = x ·a y = Expxτ
a
xExp
−1
a y, (3)
ωt(a, z) = taz = ExpatExp
−1
a z, (4)
x +
a
y = Expa(Exp
−1
a x+ Exp
−1
a y), (5)
Expx being the exponential map at the point x and τ
a
x
the parallel translation along the geodesic going from a
to x. This construction equips M with the so-called nat-
ural linear geodiodular structure of an affinely connected
manifold (M,∇).
If
{
〈M, ·
a
〉
}
a∈M
is a loopuscular structure then
ha(b,c) = (L
a
c )
−1 ◦ Lbc ◦ L
a
b (6)
is called the elementary holonomy. It satisfies the odular
Bianchi identities:
ha(z,x) ◦ h
a
(y,z) ◦ h
a
(x,y) = (L
a
x)
−1 ◦ hx(y,z) ◦ L
a
x, (7)
and in the linear approximation reduces to the conven-
tional Bianchi identities.
The family of local geodesic loops considered above
uniquely defines the space with affine connection and
there exist some relations between the loops at distinct
points that can be expressed by means of some algebraic
identities, the so-called geoodular identities.
2Actually, any Ck-smooth (k ≥ 3) affinely connected
manifold can be considered as a geodiodular structure
and the categories of geoodular (geodiodular) structures
and of affine connections are equivalent [6, 9, 10, 11].
Nonassociative space. - Nonassociative geometry is
based on the construction considered above. A geoodular
covering of the affinely connected manifolds, consisiting
of the odular covering with the geoodular identities, con-
tains complete information about the manifold and al-
lows us to reconstruct it. In fact, if we take an arbitrary
smooth geoodular covering, then it uniquely generates
an affine connection, whose geoodular covering coincides
with the initial one. Ignoring the smoothness, it is pos-
sible to consider discrete spaces, introduce “metric” and
“connnection” over arbitrary fields or rings, and even to
define finite spaces with “affine connection”.
We say that M =
{
〈M, ·
a
, +
a
, (ta)t∈R 〉
}
a∈M
is a
nonassociative space, if there exists geodiodular covering
of M such that:
1. 〈M, ·
a
, (ta)t∈R〉 is an odule with a neutral a ∈ M ,
for any a ∈M ,
2. 〈M, +
a
, (ta)t∈R〉 is a n-dimensional vector space
(with zero element a ∈M),
3. The following geoodular identities hold
Ltaxuax ◦ L
a
tax
= Lauax,
Lax ◦ ta = tx ◦ L
a
x,
Lax(y +a
z) = Laxy +x
Laxz
One may consider the operations above as partially de-
fined.
In our approach the so-called osculating space M+a =
〈M, +
a
, a, (ta)t∈R〉 plays the role of tangent space at a ∈
M . The presence of curvature in a nonassociative space
results in a non-trivial elementary holonomy,
Lya ◦ L
x
y ◦ L
a
x = h
a(x, y) 6= Id.
In addition, one can enrichM by a metric diodular struc-
ture, introducing left invarint metric ga(x, y) as follows:
gb(Labx, L
a
by) = g
a(x, y). (8)
Nonassociative FRW spacetime. In what follows we
will give the description of the continuum and discrete
FRW spacetime in the framework of nonassociative ge-
ometry.
The metric of the general Friedmann-Robertson-
Walker (FRW)model may be written as [12, 13]
ds2 = dτ2−a2(τ)
(
dr2+Σ2(r,K)
(
dθ2+sin2 θdϕ2
))
, (9)
where Σ(r,K) = sin r, r, or sinh r, respectively when
K = 1, 0, or −1. It can be transformed to the form
ds2 = dτ2 − a2(τ)
(dζ1)2 + (dζ2)2 + (dζ3)2(
1 + K4
(
(ζ1)2 + (ζ2)2 + (ζ3)2
))2 ,
(10)
that will be used below.
Let us consider the quaternionic algebra over complex
field C(1, i) [1]
HC = {α+ βi + γj + δk | α, β, γ, δ ∈ C}
with multiplication operation defined by the property of
bilinearity and following rules for i, j, k:
i2 = j2 = k2 = −1, jk = −kj = i,
ki = −ik = j, ij = −ji = k.
For the given quaternion q = α+βi+ γj+ δk its quater-
nionic conjugate (denoted by +) is given by
q+ = α− βi − γj − δk,
and one has (qp)+ = p+q+, p, q ∈ HC .
Further we restrict ourselves to the set of quaternions
HR:
HR = {ζ = ζ
0 + i(ζ1i+ ζ2j + ζ3k) : i2 = −1, i ∈ C,
ζ0, ζ1, ζ2, ζ3 ∈ R}
with the norm ‖ζ‖2 given by
‖ζ‖2 = ζζ+ = (ζ0)2 − (ζ1)2 − (ζ2)2 − (ζ3)2. (11)
Now let us consider one-parametric set of quaternions:
H
F
R = {x = τ + ζ
0 + a(τ + ζ0)ζ, ζ = i(ζ1i+ ζ2j + ζ3k)}
where τ is a parameter. We define a binary operation
Lxy = x ∗ y, x, y ∈ H
F
R
, depending on the parameter τ ,
as
Lxy = τ +η
0+ ζ0+a(τ +η0+ ζ0)
(
ζ+η
)/(
1+
K
4
ζ+η
)
,
(12)
where / denotes the right division. It is easy to check
that e = τ is the neutral element, Lex = x. The inverse
operation is given by
L−1x y = τ+η
0−ζ0+a(τ+η0−ζ0)
(
η−ζ
)/(
1−
K
4
ζ+η
)
,
and the associator is found to be
l(x,y)z = τ + ξ
0+a(τ + ξ0)
(
1+
K
4
η+ζ
)
ξ
/(
1+
K
4
ζ+η
)
.
(13)
Thus, the set of quaternions HF
R
with the binary oper-
ation ∗ forms a loop, that will be denoted as QHF
R
. No-
tice, that QHF
R
admits a natural geodiodular structure
induced by the quaternionic algebra.
3Employing Eq. (8), we define the left invariant diodu-
lar metric on QHF
R
as follows:
gz(x, y) =
1
2
((
L−1z x−e
)(
L−1z y−e
)+
+
(
L−1z y−e
)(
L−1z x−e
)+)
.
(14)
In particular this yields
gz(x, x) =
(
x0 − z0
)2
−
a2(τ + x0 − z0)
∥∥ξ − ζ∥∥2∥∥∥1− K4 ξ+ζ
∥∥∥
2 . (15)
Let ξ = ζ + dζ and z0 = x0 + dτ , then (15) leads to
the FRW metric of the Eq. (10):
ds2 = dτ2 − a2(τ)
(dζ1)2 + (dζ2)2 + (dζ3)2(
1 + K4 ((ζ
1)2 + (ζ2)2 + (ζ3)2)
)2 .
Discrete FRW spacetime.- We start with the de-
scription of nonassociative 3-dimensional homogeneous
spaces. Let us consider a finite set M = Z3n = {p =
(pi) | pi ∈ Zn, i = 1, 2, 3, n ∈ N} where Zn = {p =
−n, . . . , n} is the set of integers. We define a partial loop
QHZ3n as a set of quaternions
HZ3n
= {ζp = iℓ(p
1i+ p2j + p3k) : ℓ = const,
i2 = −1, i ∈ C; p ∈ Z3n} (16)
with the norm ‖ζp‖
2 = ℓ2pipi = −ℓ
2
(
(p1)2+(p2)2+(p3)2
)
and the binary operation HZ3n × HZ3n 7→ HZ3n given by
ζp ⋆ζq = ζpq =
(
ζp + ζq
)/(
1 +
K
4
ζ+
p
ζq
)
, ζp, ζq ∈ HZ3n .
(17)
We introduce a partial geodiodular finite spaceMn at
the neutral element e = 0 as follows:
• QHZ3n is the odule with the unary operation multi-
plication induced by the quaternionic algebra over Z
• M+n = HZ3n is the osculating space with the structure
of vector space induced by the quaternionic algebra over
Z.
For the duiodular 3-metric and associator we have
gζp(ζq, ζq) =
‖ζp − ζq‖
2
‖1− K4 ζ
+
p ζq‖2
, (18)
l(ζp,ζq)ζm =
(
1 +
K
4
ζ+
q
ζp
)
ζm
/(
1 +
K
4
ζ+
p
ζq
)
. (19)
Taking into account that for a symmetric space its ele-
mentary holonomy is determined by the associator [3, 6]:
h(ζ,η)ξ = l(ζ,L−1
ζ
η)ξ,
we find
h(ζp,ζq)ζm =
(
1−
K
4
ζqζ
+
p
)
ζm
/(
1−
K
4
ζ+
q
ζp
)
. (20)
The smooth 3-space could be regarded as the result
of “limit process of triangulating” when ℓn = const and
‖ζp‖
2 → ‖ζ‖2, while ℓ→ 0, n→∞.
Let us consider q = p+ δ, |δ| ≪ n. Then we have
ζq = ζp + ∆ζq where ∆ζq = ℓ(δ
0 + i(δ1i + δ2j + δ3k)).
The diodular 3-metric (18) takes the form
gζp(ζq, ζq) =
‖∆ζq‖
2
‖1− K4 ζ
+
p ζp‖2
+O(Kℓ2), (21)
and
gζp(ζq, ζq)→ ds
2 = −
(dζ1)2 + (dζ2)2 + (dζ3)2(
1 + K4
(
(ζ1)2 + (ζ2)2 + (ζ3)2
))2 ,
while ℓ→ 0, n→∞.
Let HF
Z3n×Tn
be a set of quaternions:
H
F
Z3n×Tn
= {xp = τn + a(τn)ζp, p ∈ Z
3
n, },
where τn is a discrete parameter, and Tn = {τn : n ∈ N},
then a partial loop QHF
Z3n×Tn
≃ QHZ3n × Tn is defined as
the loop with the operation ∗ given by
xp ∗ xq = τn + a(τn)ζp ⋆ ζq (22)
We introduce FRW nonassociative discrete spacetime
as
MF =
⋃
n∈N
MFn , (23)
where a partial geodiodular finite space MFn consists of
• QHF
Z3n×Tn
being the odule with the unary operation
multiplication induced by the quaternionic algebra.
• M+n = HZ3n × Tn being the osculating space with
the structure of vector space induced by the quaternionic
algebra over Z.
• For the given xp ∈ M
F
n and x
′
q
∈ MFn′ , (n ≤ n
′),
the partial operation is defined as
xp ∗ x
′
q
= τn′ + a(τn′)ζp ⋆ ζq. (24)
The left invariant metric can be introduced on MF in
the same way as in Eq. (14). In particular, we obtain
gxp(xp, x
′
q
) = (τn′ − τn)
2 −
a2(τn′)‖ζp − ζq‖
2
‖1− K4 ζ
+
p ζq‖2
. (25)
In the continuous limit this yields the metric of FRW
spacetime given by Eq. (10), and we see that τn can be
interpreted as a ‘discrete time’ of FRW model.
Concluding remarks. We have applied the general the-
ory of nonassociative geometry for description of nonas-
sociative continuous and discrete FRW models.
The first feature of our model is obvious absence of
the the problem of initial singularity. The other impor-
tant feature is appearence of the natural arrow of time
as follows: Consider MFn as a triangulated topological
space. For the given triangulation, we identify the ele-
ments xp ∈M
F
n as the vertices of the simplices, n being
4a number of vertices. Since the operation ∗ is a partial
operation, in general for some elements xp, x
′
q
∈MFn one
has
xp ∗ xq 7→ xp′ 6∈ M
F
n .
Adding the point xp′ to the set M
F
n as a new vertex, we
obtain MFn+1. This leads to the partial ordering
· · · ≺ MFn ≺M
F
n+1 ≺ · · · ≺ M
F
n′ . . . (26)
induced by the operation (22), and MF becomes a fi-
nite, partially ordered set or causal set [15, 16]. Thus
the causal ordering in FRW space is related to the re-
finement of the triangulation of 3-dimensional space, and
the evolution of FRW universe is interpreted in terms of
a sequence
· · · → MFn →M
F
n+1 → · · · →M
F
n′ . . . (27)
This is close to the interpretation given in [14], where
the universe evolution is treated in terms of a sequence
of topology changes in the set of T0-discrete spaces real-
ized as nerves of the canonical partitions of 3-dimensional
compact manifolds.
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